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Emmanuel Acar, Pierre Lequeux and Stephane Ritz of Banque Nationale de Paris

investigate patterns in traded prices in the FT-SE 100 Index future by examining

‘high frequency’ trading data and comparing this against results from their price

behaviour models.

As a trader watches prices move, he is

likely to be forecasting where those prices

will go and seeking the optimal time to

execute a trade. The optimal time to

execute a trade is when the price is either

at the bottom of the day, when one buys or

at its top when one sells. This is especially

the case for intra-day traders who take

positions solely inside the trading day

and have to square their positions at the

close of the market.

With the increasing power of computers

it is natural to collect and analyse high

frequency data (i.e. a detailed record of

bid, ask and traded price collected

throughout the trading day).  At each

transaction there is some probability that

the quoted price is the high or low of the

day. It is important for an intra-day trader

to be able to detect at which time a high or

low might happen. The trader is aware

that not all times of the day hold equal

importance. For instance, the volume

traded on most futures markets follows

a U shape, meaning that for liquidity

reasons an extreme price occurrence

say at lunch time might not be filled in

the same way as an extreme price

occurring on the close or open.

We can devise a model to treat the time

at which an extreme price occurs as a

‘stochastic time varying process’. This

basically measures the probability of

an event happening. We will establish

the probability that a high or low falls

inside a given time interval by

specifically assuming that the asset

returns from the FT-SE 100 Index future

follow a ‘Brownian Random Walk

without drift’ .  We assume the

probability of a high or low occurring

follows a random walk. This paper

applies previous results from the model

to quotes in the FT-SE 100 Index future

and as will be seen, incidents of extreme

clustering are discovered.
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with 0 ≤ ≤r T

Brownian Random Walk without
Drift assumption
We will denote the time at which the

maximum price occurs as TH and the

time at which the minimum price occurs

as TL . The trading session is assumed

to have length T. The time will be counted

from open to close. Therefore, the price

at t=0 is the opening price, and the price

at time T is the closing price. We can

therefore state:

 0 ≤ ≤T TH , 0 ≤ ≤T TL

Proposition
If we assume that the process which

drives logarithmic returns is a Brownian

Random Walk without drift ,  the

probability of a high or low occurring

after a time t=r out of a trading session of

length T is given by:

p = Prob[ > r] = Prob[ > r] =
2

r,T H LT T Arctg
T r

rπ ( )
−

This result is not new; it relates to the

arcsine law for the position of the

maximum price established by Feller

(1951). The timing distribution of

extreme prices under the random walk

assumption is indicated in figure 1 by

the continuous line labelled N(0,1).

Contrary to intuition, the maximum price

is much more likely to occur towards the

very beginning or the very end of the

trading day than somewhere in the

middle.

Figure 1

Frequency distribution of extreme times:
July '92 – September '95 (FT-SE 100 Index future)
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The N(0,1) line represents the random

walk. Given the number of observations

on more than three years’ of tick data, it

was convenient to select time bars of

thirty-eight minutes. The bottom axis

represents time in the trading day and

the left axis therefore represents

percentage of time in the trading day

when a high or low occurred. For

example, in the first time segment

observed, high frequency data shows

that there is roughly a 32% chance of a

high occurring at that time of the day

and a 33% chance of a low occurring. So

the chart shows clusters of highs or lows

occurring either at the open or at the

close and the FT-SE 100 Index future

exhibits many more extreme prices than

could be expected from a random walk.

You can see that at the close of the

market, the observations of price

extremes neither overreact no under-

react to the random walk.

Another statistic of interest for intra-

day traders is the time spent between

two extremes (the range). Having

hopefully initiated a position on one

extreme, the investor is willing to square

his position on the opposite extreme,

therefore making the biggest possible

gain. If a short position is initiated near

the high of the day, the dealer will try to

take his profit on the low of the day. If

the dealer initiates a short position near

the low of the day but the market moves

against him, he will try to minimise his

loss by dealing before or after the high

of the day. In both cases, the dealer

needs to know at which time the next

extreme is likely to occur. The time

between two extremes is defined as

D T TH L= − .

Unfortunately, the exact distribution (D)

under the Brownian random walk

assumption without drift is extremely

difficult to establish. To gain some
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38 minute time bars
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insights on the density function of D, we

have to proceed to ‘Monte-Carlo

simulations’. (A Monte-Carlo Simulation

is the process of drawing on random data

to try to map out all the possible events

that may occur).

Through the Monte Carlo Simulation we

can note for each sample the position of

the maximum, minimum price and the

distance between the maximum and

minimum. For instance:

  High = 3, Low = 294, Distance = 291

means that for this particular simulation

the maximum occurred three minutes after

the opening, the low 294 minutes after

the open, the time difference between the

two extremes being 291 minutes. The

distribution of time between extreme

prices under the random walk assumption

is indicated in figure 2 below by the

continuous line N(0,1). Ex-ante it is not

surprising that the shape of the

distribution is highly skewed. Both

extreme prices are not likely to happen at

the same time. One would assume that if

one extreme price occurs towards the

opening the other will happen towards

the closing.

The chart indicates the length of the gap

between two extreme prices. The bars

represent observed data and the black

line represents the random walk. The

last time bar of 456 minutes (equivalent

to around 7.5 hours) suggests that a gap

of around 7.5 hours is the most

frequently observed gap between

extreme prices. For example, if a high

was observed at 8:00am, a low would

be most likely to occur 7.5 hours later at

3:30pm. The observed frequency

distribution of times between extremes

differs from what is being implied by

the random walk profile. The random

walk peak frequency involves a gap of

around 266 minutes (equivalent to

around 4.5 hours). This implies that if a

high was observed at 8:00am, a low

would be most likely to occur 4.5 hours

later at 12:30pm.

Therefore, when considering the time

difference between two extremes, the

frequency distribution substantially

differs from what would be expected

from a random walk without drift. The

tails of the distribution are ‘heavier’

than expected (i.e. they tail off more

quickly than the observed distribution).

The pattern of the observed distribution

may be related to previous studies which

showed both large volume and volatility

at the beginning of the day and less

activity inside the trading day. In

summary, the random walk line suggests

you can get extreme prices happening in

relatively quick succession, while

empirical data suggests you might need

to observe the full trading session to see

both price extremes. Generally when

one extreme occurs on the opening the

other extreme can follow shortly, though

is more likely to be triggered on the

closing.

In conclusion, new incidents of extreme

clustering have been discovered for the

FT-SE 100 Index future (i.e. clustering

of highs or lows at certain times of the

day). One further question would be:

does volume cause extreme prices or is

it the other way round? Both hypotheses

could be defended. One may argue that

volume on LIFFE is higher on the

opening and on the closing of the market

because of the ex-ante probability of

observing extreme prices. On the other

hand, it could be said that rising volume

may cause increased trends in futures

contracts and therefore increase the

probability of observing extreme prices.

Clearly, more theoretical and empirical

work is needed to gain an insight on the

relationship between volume and

extreme prices.

A fuller version of this paper is available

on request from the authors. Please

contact Pierre Lequeux at BNP's London

office.
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